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Introduction

HERE has been renewed interest recently in the

calculation of the aerodynamic characteristics of a wing
flying in proximity to the ground. In fact, some vehicles have
been designed to take advantage of the positive aspects of
ground effect. For the idealized problem of two-dimensional
steady potential flow past a flat plate airfoil in the presence of
a plane wall, Tomotika et al.! and Havelock ? used conformal
mapping to obtain an exact solution. Green? obtained a
solution for an airfoil of general shape in ground effect. In
Refs. 1-3, expansions are also given in chord-to-wall clearance
ratio. More recently, accurate numerical solutions using panel
methods (surface singularity distributions) are readily ob-
tainable. An early example of this approach is given by
Giesing.*

In the case where the airfoil disturbance and the chord-to-
wall clearance ratio are small, analytical results can be ob-
tained directly using the higher-order thin airfoil theory of
Van Dyke.? For a wide range of the chord-to-wall clearance
ratio, an approach due to Keldysh and Lavrentiev$ for the
corresponding hydrofoil problem is appropriate. Plotkin78
used this method, which involves a series expansion in the
chord-to-wall clearance (submergence depth) ratio, to study
the first-order effects of thickness, angle of attack, and
camber. ‘

In this paper the effect of the thickness of the airfoil on the
lift coefficient will be calculated to the second order in the
thickness ratio. Analytical results will be presented for the
Joukowski airfoil. The first-order angle-of-attack solution for
the flat plate will also be given.

Problem Formulation and Method of Solution

The problem under consideration is the steady two-
dimensional potential flow of a uniform stream of speed U
past a thin symmetrical airfoil of chord 2c¢ aligned parallel to
the stream. The airfoil is located a distance Ac above a plane
wall parallel to the stream. All lengths are normalized by ¢
and speeds by U. The coordinate system is shown in Fig. 1.
Distances along and normal to the chord are denoted by x and
¥, respectively, and the origin is located at midchord.

The airfoil is described by the equation y= +¢7T(x), where
e is a small thickness parameter and T'(x) is 0(1). The velocity
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field is characterized by a velocity potential & that is nor-
malized by Uc. It satisfies the following mathematical
problem:

v2=0 1)

&,=0 y=—h ‘ @)
®,/®,= +eT7(x) y==x€T 3)
d—-x x?+y?—oo )

If the disturbance to the stream is modeled by a distribution
of sources of strength o(x) per unit length and vortices of
strength v (x) per unit length, both normalized by U, along
the chordline and if the images of these singularities in the
wall are added, the velocity potential becomes
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The only one of Eqs. (1-4) that is not satisfied by Eq. (5) is the
body condition (3).

Following Van Dyke, * the velocity potential and singularity
strengths are expanded in perturbation series in € of the form

d =x+eb,+e2®,+ -
o=¢o,+ela,+ - 6)
y=ey,+ely,+ e

Substitute the expansion for & into Eq. (3) and, after the

boundary condition is transferred to the chordline, the
boundary conditions for &, and ®, are

8, (x,0£)==T"(x) (™)
®,, (x,0£)=£[T®, (x,0+)]" ®
y
y=XeT(x)
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Fig.1 Coordinate system.
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First-Order Thickness

Consider the first-order problem. The first-order source
strength is

0,(x) =2T" (x) ®

which is the unbounded fluid result. Equation (7) is then an
integral equation to determine v, (x) and can be written

1 1
|_ o @He-pea+ | v©oKka-pa=0 a0
where

Heo= x2+4h?’

K(x)=—i— (11)

T x2+4n2

Keldysh and Lavrentievé suggest the following expansion
scheme with 4~/ as the expansion parameter:

K(x) = -)1? +h—12;1<,,<;—‘)"
H(x):h—IgH"(%)n (12)

v (X) = Y Ry, (x)
0

Equations (12) are substituted into Eq. (10) and terms with
like powers of 7~/ are collected. The following system of
equations for the unknown v, (x) is obtained:

3‘11 Yi0(E) dt=0
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Thev solution is not unique until the Kutta condition at the
trailing edge is satisfied. The solution of Eqs. (13) is then

=5 () 1 (G2 e oo

The singular integrals in Eqgs. (13) and (14) are to be con-
sidered in the Cauchy principal value sense.

The first nonzero value for v,, (x) occurs for n=3 and only
odd terms are nonzero for n>3. Results have been obtained
for the first three terms in the series but higher-order terms in
h-! can be calculated in a straightforward manner. The
thickness function only appears in the 0(¢) problem in terms
of its moments

a,= SI x"T(x)dx (195)
1

Second-Order Thickness

The boundary condition for the second-order problem is
given in Eq. (8). The second-order source strength is

o,(x) =2T7 (x) (16)

TECHNICAL NOTES 1485

and the integral equation for v, (x) is
1 1
|- emi@ne-pe+ | vnore-na
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Equation (17) is solved in the same fashion as Eq. (10).
However, the first term in the series for v, (x) cannot be
obtained until a particular airfoil geometry is chosen.

First-Order Angle of Attack

To enable one to assess the magnitude of the thickness
contribution to the lift of a thin symmetric airfoil in ground
effect, the first-order angle-of-attack problem will also be
presented. The analysis closely follows that of the first-order
thickness problem and will only be outlined here.

Consider a flat plate airfoil described by

y=—ax (19)
where a =0(¢). The boundary condition corresponding to Eq.
(T)is

Q) (x0+)=—a 0)
The disturbance flowfield is modeled by a vortex distribution

of strength v, (x) per unit length and the integral equation for
v, (x)is

1
|- vioKka-pde=2ra e

Equation (21) is solved in the same fashion as Eq. (10).
The solution for n =0 is the result for an airfoil in an un-
bounded fluid and is

0 =20( 22)" @
x)=2a
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The first-order vorticity distribution for a symmetrical
airfoil at angle of attack in ground effect can be obtained by
adding the first-order solutions for thickness and angle of
attack. If second-order results are desired, however, care must
be taken to distribute the singularity distributions on the
chordline, which for nonzero angle of attack no longer
coincides with the x axis (see Kennell?).

Results and Discussion
The lift coefficient for the airfoil is given by’

1
¢ =] vnax @3)

Consider a Joukowski airfoil as an example problem. Van
DykeS gives the thickness function for a symmetrical
Joukowski airfoil (correct to the second order in €) with
thickness ratio 1.30e as

T(x)=(I—-x)(I—-x2)" (24)
The first-order result is
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The leading term in the second-order lift coefficient expansion
is

3

Co=—qpeth™? (26)

The lift coefficient for the first-order angle-of-attack
problem is

‘ 1 3 1
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Note that /# ~/ is the semichord-to-wall clearance ratio.

It is important to note that this problem contains two small
parameters, one associated with the airfoil disturbance (e, )
and one associated with the wall disturbance (4 ~!). Consider
the first-order lift coefficient due to angle of attack [Eq.
(27)]. The series converges rapidly in £ ~!. The expansion in
h ~1 of the exact solution of Havelock 2 is

C, =27rsina{l—sinah -1y é h~2[1+3sin%q}
1 . .
-7 h =3 [sina + 3sind «]

- gz—h“[3——l3sin2a—2251n“a] +0(h ‘5)} (28)
The terms linear in « in Egs. (27) and (28) are identical.

Consider the first-order lift coefficient due to thickness
[Eq. (25)]. For a distance from the wall of greater than one
chord (h=2) better than 1% accuracy is achieved with only
one term. Green? presents a series expansion for the
Joukowski airfoil at angle of attack but includes no terms
higher than second order in 2 ~7 so that a comparison cannot
be made.

Equations (25) and (27) present resuits linear in ¢ and « and
higher order in 4 —1. The utility of these results depends upon
the magnitude of the nonlinear terms that have been
neglected. The leading term in the second-order thickness
problem is given in Eq. (26) and is of 0(e?h —3). The leading
nonlinear angle-of-attack terms are obtained from Eq. (28)
and are of 0(a?) and O(a?h ~7). The leading interaction terms
are given in the expansions of Green? and are of O(exr) and
O(each —2).

For the linear results presented in this paper, the lift force
experienced by the airfoil in an infinite fluid (A—o0) is
decreased by the effect of thickness and increased by the effect
of angle of attack.
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Introduction

HE concept of modifying the conditions at wind tunnel

walls on a systematic basis to minimize the interference
about a model has been pursued by Sears et al.* and Lo and
Kraft.s In this Note, a control law is developed for achieving
this end. The approach is general and does not depend on the
mechanical means used to measure the flow variables (sen-
sors) or to control the flow variables (actuators). Also, unlike
previous control schemes, the present one does not require an
iterative approach per se. However, it should be noted that Lo
and Kraft have developed a so-called ‘‘one-step iteration”’
method for two-dimensional, nonlifting flows using classical
subsonic theory. By contrast the present approach is valid for
both three-dimensional and lifting flows and, subject to the
assumption of linearity, is not dependent on any particular
theoretical description of the fluid.

Technical Discussion

Consider a model in a wind tunnel (Fig. 1). Conceptually
enclose the model in a control box, two of whose walls
coincide with those of the wind tunnel. It is desired to control
the flow variables on the walls of the box so that, as far as the.
flow in the neighborhood of the model is concerned, it is as
though the model were in a fluid of infinite extent. The flow
outside the box (which exists only in the form of a
mathematical model) will be called the exterior flow; the flow
inside the box is called the interior flow.

Exterior Flow

From a mathematical model of the exterior flow (the reader
may wish to think of this as a classical potential flow model
for definiteness, although the discussion is not limited to such
a mathematical model), the relationship between normal
velocity ¥V, and pressure P, on the box wall may be deter-
mined. The subscript D is used to denote these as the values on
the box wall which obey the desired relationship to simulate a
fluid of infinite extent. For ¥}, and P, measured at a certain
number of discrete points, this relationship may be written in
matrix form as

(Vo) =[EX{Pp} (12)

E is an influence coefficient matrix which gives the value of
V5 at one point due to a unit P, at another point. In practice
it may be easier to determine the inverse of FE, i.e., Py at one
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